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Goal

Introduce the Mean-field Schrodinger problem, the study of the most likely evolution of
a cloud of interacting Brownian particles conditional on observing initial and final
empirical distributions, " and x" and interpret it as a way to interpolate between ;"
and ;" ¢ P, (RY).
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Schrodinger Problem



Schrodinger Problem: Statistical Physics Motivation

In 1931, E. Schrodinger proposed in the article “Uber die Umkehrung der Naturgesetze”,
the following problem (expressed in modern terms)

Statistical Physics Schrodinger Problem

Consider N > 1 independent Brownian particles (X})ic[,1,i=1,...,n- The law of the
system at time ¢ can be described by

1 N
hoi= gy 2 0%,
Given that we observe fio ~ p'" and ji; ~ p™

- What is the most likely evolution of the system in [0, 1]?



Schrodinger Problem: a Way to Interpolate Between Measures

Schrodinger Problem can be seen as a way to interpolate between the initial measure p/"
and the final measure p™.

In probabilistic terms,

- We consider Q := C([0, 1], R%) the space of continuous paths in R%
- P(Q) is the space of probabilities on the paths in .

We study

— P € P(Q), a probability on paths in R%, to express Py = p'" and P, = p™;
— X = (Xi)ieqo,1) ~ P to express the evolution of the system.



Schrodinger Problem: a Way to Interpolate Between Measures

— Taking P € P(2) as law of a path X = (X¢).ep0,13;
— P, the t-th marginal of P, i.e. P(B) := Px.p[X; € B] for B € B(R?).

Schrodinger Problem
In probabilistic terms, it corresponds to the problem

min KL(P | R)
st. Pe P(Q), P, = p", Py o= "

where R is the law of Brownian motion with starting measure the Lebesgue measure, i.e.,

R() = /R P[B, +z € |do



Schrodinger Problem: a Way to Interpolate Between Measures

Entropic Optimal Transport [C. Léonard, A Survey on the Schrédinger Problem and some
of its Connections with Optimal Transport, 2013]

SP in  KLP|R) ~ (SPsa in_ KL(r|R
CA. (S Pstatic) rern (m | Rox)
POZILL‘”,Pl:ILﬁn

with Ro1 = (Xo, X1)#R, projection of R on R??.

(S Pyaric) is equivalent (up to rescaling) to the entropic optimal transport problem

min {/ de(m, y) + eKl(m | " ® ,uﬁn)}
meIl(pn,ufin) R2d 2

— 1dea: Roy(dz, dy) o e~ le=vI*/2dzdy

— Computationally tractable approximation of optimal transport.

— Schrodinger Problem gives a convex equivalent useful to derive many properties.



Mean-Field Schrodinger Problem:
definition and properties



Adding Interaction

— “The mean field Schrodinger problem: ergodic behavior, entropy estimates and
functional inequalities” (2020), Backhoff, Conforti, Gentil and Léonard: generalization of
Schrodinger problem including mean-field interactions between the Brownian particles.



Adding Interaction

— “The mean field Schrodinger problem: ergodic behavior, entropy estimates and
functional inequalities” (2020), Backhoff, Conforti, Gentil and Léonard: generalization of
Schrodinger problem including mean-field interactions between the Brownian particles.

Statistical Physics Problem

Let (XZ)te[O,T],i:l ,,,,, ~ be Brownian particles interacting through a potential W
according to the system of SDEs:

i N i g i

dX} = —% Yo, VW(X] — XF)dt + dB]
X§ ~pl”

Again, we observe the law of the system at time T: iy = 4 Zf;l Oxi ~ i,

- What is the most likely evolution of the system in [0, 7]?



Probabilistic Problem

Mean-Field Schrodinger Problem: Probabilistic formulation
min KL(P | T(P)) st P e Pi(Q),Py=pu", Pr = p™
and T'(P) is the unique strong solution of

{dXt = —(VW % P)(X,)dt + dB, = dX; = — (Jpa VW (X; — y) dPi(y)) dt + dB,
X, ~ luin



Probabilistic Problem

Mean-Field Schrodinger Problem: Probabilistic formulation
min KL(P | T(P)) st P e Py(Q),Py=pu", Pr=pu™
and T'(P) is the unique strong solution of

{dXt = —(VW % P)(X,)dt + dB, = dX; = — (Jpa VW (X; — y) dPi(y)) dt + dB,
Xo ~ p"

Remarks
— P imposes the satisfaction of initial and final distributions " and ™.

— I'(P) describes evolution given initial status x™, Brownian evolution and mean-field
interactions;

— T'(P) depends on P only through the time marginals (P;):eo,1)-



Probabilistic Problem

Mean-Field Schrodinger Problem: Probabilistic formulation
min KL(P | T(P)) st P e Py(Q),Py=pu", Pr=pu™

and T'(P) is the unique strong solution of

Xo ~ pi"

Motivations
- Statistical Physics.
- New way to interpolate between measures p/" and ™.
- (Formal) way to interpret second order ODEs in the Wasserstein space.
- Functional inequalities.



Probabilistic Problem

Mean-Field Schrodinger Problem: Probabilistic formulation
min KL(P | T(P)) st P e Py(Q),Py=pu", Pr=pu™
and T'(P) is the unique strong solution of

Xo ~ pi"

Existence of a solution
Assuming

- (H1) W e C?*(R%;R), symmetric, sup, ,cgav' - V2W(2) - v < 400
[v]=1

- (H2) g™, u € Py(RY) and with finite free-energy,

the mean-field Schrodinger problem has a solution. 9



Large Deviations Principle

The interpretation of most likely evolution of particles is justified by:
Large Deviations Principle

Under (H1), (H2) and [ exp(r|z|)dp"(z) < +oo  Vr > 0, for mean-field interacting
Brownian particles (X9 ,,

N
1
{[AN) = > oxi|Ne N}
=1

satisfies a large deviations principle with rate function P;(Q) > P — KL(P | T'(P)),
namely, with respect to the 1-Wasserstein topology, for every A C P;(£2) measurable

1
~ o {KL(P | T(P))} < liminf - log P € 4] <

1
< limsup — log P[aY) € A] < — inf {KL(P | T(P))}
Ntt+oo IV PeA



Large Deviations Principle

Large Deviations Principle: i) empirical path measure
1
— inf {KL(P |T(P))} < liminf — logP[™) € 4] <
i, P [ N2 < Tnop o — Tog R € 4] <

1
< limsup — log P[aY) € A] < — inf {KL(P | T(P))}
Nt+4o00 N PeA

Interpretation
For N big enough,

P [[NV) ~ Q} ~ exp(—NKL(Q | T'(Q))) for candidate minimizer of MFSP Q € Py ()

M



Mean-field Schrodinger Problem:
a stochastic optimal control
problem



Stochastic Optimal Control Interpretation

I'(Q) solves the particle dynamics dX; = —(VW * Q;)(X;)dt + dB;, X ~ p'".

— Idea: Choosing P € argming KL(Q | I'(Q)), means adding the minimum drift such that
the final condition Pp = p™ is satisfied.



Stochastic Optimal Control Interpretation

I'(Q) solves the particle dynamics dX; = —(VW * Q;)(X;)dt + dB;, X ~ p'".

— Idea: Choosing P € argming KL(Q | I'(Q)), means adding the minimum drift such that
the final condition Py = u™ is satisfied.

Stochastic Control Interpretation
Under (H1),(H2), the mean-field Schrodinger problem is equivalent to

T
PR
0
st. PePi(Q), Po=u", Pp=p",

(X - / [—(VW * P)(X,) + of] d3>#p _

1
inf -E
5P

J0O

where R*" is the Wiener measure with starting distribution " and o a predictable
stochastic process (well-defined given P).



Stochastic Optimal Control Interpretation

I'(Q) solves the particle dynamics dX; = —(VW * Q;)(X;)dt + dB;, X ~ p'".

— Idea: Choosing P € argming KL(Q | I'(Q)), means adding the minimum drift such that
the final condition Py = u™ is satisfied.

Stochastic Control Interpretation
Under (H1),(H2), the mean-field Schrodinger problem is equivalent to

T
/ |af|2dt]
0

st. PePi(Q), Py=u", Pp=p",

dXy = [—(VW % P,)(X;) + of’] dt + d B,
Xo ~ Min

1
inf -E
5P

Here B is a Brownian motion under P, (X;); canonical process under P and o a
predictable stochastic process (well-defined given P). ®



Stochastic Control Properties

Stochastic control formulation
The stochastic control formulation is a consequence of Girsanov theorem as presented
by C. Léonard’s paper in Girsanov theorem under a finite entropy condition (2011).



Stochastic Control Properties

Stochastic control formulation

The stochastic control formulation is a consequence of Girsanov theorem as presented
by C. Léonard’s paper in Girsanov theorem under a finite entropy condition (2011).

Optimality Conditions

L*((Py)e)

’

Optimality conditions of the MFSP entail 3¥ € {V4 | ¢ € C([0,7] x R4)}
corrector of P,

° \Ijt(Xt) = Olf dt@ dP-as.
- and

is a continuous martingale under P on [0,7'), with ()?t,f/t) independent copies of
(Xtvyvt)



Stochastic Control Properties

Stochastic control formulation

The stochastic control formulation is a consequence of Girsanov theorem as presented
by C. Léonard’s paper in Girsanov theorem under a finite entropy condition (2011).

Optimality Conditions

L?((Py))

’

Optimality conditions of the MFSP entail 3¥ € {V | ¢ € C([0,7] x R4)}
corrector of P,

° \I/t(Xt) = OlzD dt ® dP-as.
- formally, setting Y; := ¥;(X;) and using decomposition of the martingale (M);

dv, = E [V2W (X, — X,) - (Y, — fq)} dt + Z, - dB,

with (X;,Y;) independent copies of (X, Y}).



FBSDE Dynamics

Forward-backward SDEs
Let P solve MFSP, X ~ P and Y; := U, (X;). Then we have the system follows the
dynamic

dX, = -E [VW(Xt - )?t)} dt + Y;dt + dB,

4y, =E [v?vv(xt X)) (Y — Z)} dt + Z, - dB,

XO ~ ,Uin;XT ~ /Lﬁn

— Under regularity assumptions, if ¥;(X;) = Vi, (X;) and py == (Xy) 2P, then (¢, ut)
solve a coupled PDE dynamic of the form of planning mean-field games.



Mean-field Schrodinger Problem:
a geometric perspective



Interpolating between Measures

— Optimal transport and classical Schrodinger problem (entropic optimal transport)
give a way to interpolate between measures in the space Py(R%).

— Mean-field Schrodinger problem enters this line of research, being interpreted as an
interpolation dynamic between p'" and p™" € Py (R9).



A Benamou-Brenier perspective

Cr(u™, uM) := inf KL(P | T(P
(", 1) pnl) (P|T(P))
PL):/LW-,PI':Hﬁﬂ

Given A := {(u): € Po(R?) | absolutely continuous and st. po = p", ur = p™"},

Benamou-Brenier Formula for W,

W2 (", i inf / / v d
2(M s ) (Hf)te[OTG-A(Uf)f |t ‘ Mt )

Ot + V- (vepe)=

Benamou-Brenier Interpretation of MFSP

Cr in / /
('u 'u ) (Mt)tg[oTGA V)t R4

O¢pt+V-(ve e )=0

2
vi(2) + Vlogm() (VW ) (2)| dpe(2)dt




Accelerated Dynamics

Benamou-Brenier Formula for W,

g oI
W2(u™, ") = inf / / v (2)|? dpe (2)dt
0 JR4
s.t. (Nt)te[o,T] € A, (vt)

Oppie + V- (vgu) = 0

Benamou-Brenier Interpretation of MFSP

: 1 T
Cr(", 1) = in 5/ / lwe(2)[? dpg ()t
0 R4
st (t)eefo,r) € A, (we)e

1
Oppe + V- (wy — §V10gut = VW sk ) pue) =0

19



A meaningful way to interpolate between probabilities: turnpike

— Under (H3): V2W (2) > kl4, k > 0,Vz € R%, those dynamics are stable for T 1 +cc.
— 3 an equilibrium configuration ji € argmin,cp, () F(w)

Turnpike property: optimal trajectories spend most of their time around the equilibrium
configuration .
Given the free energy functional

F(p) = /R log () dpu(x) + Ad(w « 1) (2)dpu(x) if j1 < Leb; +oo otherwise

Then, for every v € (0, 1), P being optimal for MFSP,

F(Pyr) — Flueo) — 0 exponentially fast as T’ — oo.

20



A meaningful way to interpolate between probabilities: functional inequalities

The MFSP defines a new interpolation between measures, so one can study the evolution
of entropy-like functionals along this interpolation, as in optimal transport.
S Co(u", i) i=inf  pepya)  KL(P|T(P))
P():/lm,PT:/Lﬁn
A Talagrand inequality
1 ~ -

CT(Mm7Noo) < W‘i_l(f(uin) — Flpoo))

- Cr plays the role of an entropic transportation cost.
- For large T, reaching equilibrium is exponentially cheap.
- The paper also obtains an HWI inequality and the energy-transport inequality:

4K

in  fin <
Ep (", 1N S oy

: N 1/2
(CT(lima Mﬁn)CT(’uﬁn, Mm))

21



Conclusion




Backward outline

* We started from evolving particles (X¢)ejo, 7] With Xo ~ pi", Xp ~ ™

- under independent Brownian paths ~ classical Schrodinger problem.
- under mean-field interactions ~ mean-field Schrodinger problem.

— We looked for most likely evolution.

22



Backward outline

+ We started from evolving particles (X;)ejo,77 With Xo ~ p", Xp ~ p™

- under independent Brownian paths ~ classical Schrodinger problem.
- under mean-field interactions ~ mean-field Schrodinger problem.

— We looked for most likely evolution.
- MFSP had a stochastic control interpretation, as an evolution under controlled drift.
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Backward outline

+ We started from evolving particles (X;)ejo,77 With Xo ~ p", Xp ~ p™

- under independent Brownian paths ~ classical Schrodinger problem.
- under mean-field interactions ~ mean-field Schrodinger problem.

— We looked for most likely evolution.
- MFSP had a stochastic control interpretation, as an evolution under controlled drift.

- MFSP describes a way to interpolate between measures " and ™ through their
path law.

- The geometry of MFSP, though formally, induced dynamics

- connected to accelerated dynamics between measures.
- with a turnpike property.
- with new functional inequalities.
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Backward outline

+ We started from evolving particles (X;)ejo,77 With Xo ~ p", Xp ~ p™

- under independent Brownian paths ~ classical Schrodinger problem.
- under mean-field interactions ~ mean-field Schrodinger problem.

— We looked for most likely evolution.
- MFSP had a stochastic control interpretation, as an evolution under controlled drift.

- MFSP describes a way to interpolate between measures " and ™ through their
path law.

- The geometry of MFSP, though formally, induced dynamics

- connected to accelerated dynamics between measures.
- with a turnpike property.
- with new functional inequalities.

Thank you for your attention!
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An useful result

Result
In the Brownian filtration, a square-integrable continuous martingale can be

represented as
t

M, = M, +/ Z.dB,
0

In our case, if U,(X;) = Vi (X¢), then Z; = V2 (Xy).



PDE Dynamics

Planning Mean Field Games System
Let P solution of MFSP, assume ¥ = V1 the corrector.

Under regularity assumptions, it holds that (u; = (X¢)» P, ) formally solves
O (@) + 5 A%i(x) + 5|V (@) = [ VIV (2 — 2) - (Vipe (@) — V(7)) dpae(2)
Oy () — 3Am ( )+ V(= (VW ) (@) + Ve () e () = 0
po(@) = p" (), pr(z) = ()

— Hamilton-Jacobi-Bellman PDE is related to microscopic dynamic of the particles;

— Fokker-Planck PDE describes the macroscopic dynamic of the system.



Functional inequalities

This new geometric perspective to study interpolation between measures, allows to study
how entropy-like functionals evolve along this interpolation as done in optimal transport.

Let  Cp(p",p™) :=inf pep, @) KL(P | T(P)), under (H1), (H2) and (H3),
Po:u‘”,Plzu“”

A Talagrand inequality

; 1
In < n
CT(/J' 7/~Loo) —= exp(2kT) _ 1*7(/1‘ )

— F(u'™) controls the cost of steering the system from x'" to equilibrium.

— if we give the system a long time, reaching equilibrium is exponentially cheap.



Functional inequalities

Let  Cr(u", p™) :=inf pep, o) KL(P | T(P)), under (H1), (H2), (H3):
P():M\n’Plzufm

An HWI inequality

- 1 — exp(—2kT) 1/2

—(1- exp(kaT))CT(MmaNoo)

with Zg nonlinear Fisher information.

— Intuitively, F(u™) < Fisher information - cost

— Zr measures the infinitesimal tendency of the particle flow to dissipate free energy;
Cr is the effort needed to realize the interpolation.



Functional inequalities

Cr(u™, ufi) = inf KL(P | T(P
(", 1) pnl) (P|T(P))
PO:N/myPl:Mﬁn
Ep(p", 1) == Ep[Ue(Xy) - Up_y(X7—y)]

(constant in t, conserved energy along the interpolation)

Energy-transport inequality

4k

in  fin
< v
|SP(M y )|— exp(kT)fl

. L \1/2
(CT(Mm7 ,U/ﬁn)CT(Mﬁn? Mm>)

— The conserved energy of the bridge is controlled by the forward and backward
entropic transportation costs.
— For T large, the energy conserved is exponentially small (turnpike).



Fisher functionals

Definition
We define the nonlinear Fisher functional Zz as

Vi 2(VW *du(x),  ifViegu e L2
PQ(Rd) S pe I]:(M) o fRd | og ft + ( * /-‘)(x)‘ /L(.]?) Og.’u m
+00, otherwise
It can be seen as the derivative of the free energy F along the marginal flow.

Wasserstein gradient of Fisher functional
We have that the Wasserstein gradient of Fisher information is

Vw,Z(p) = —2VAlog p — V|V log uf”



Definitions from Riemannian geometry

Covariant derivative
Given a curve (u¢)¢, with velocity field (v;)¢, we define the covariant derivative of v; as

D 1
%Ut = 815’Ut = §V‘Ut|2



Dynamics between measures

— OT moves along constant-speed geodesics; mean-field Schrodinger problem
interpolates along accelerated trajectories.

— Jordan, Kinderlehrer and Otto, The Variational Formulation of the Fokker-Planck
Equation (1998):

Langevin diffusion « Fokker-Planck PDE « I-order ODE in the space (P2(R%), Ws)



Dynamics between measures

— OT moves along constant-speed geodesics; mean-field Schrodinger problem
interpolates along accelerated trajectories.

— Jordan, Kinderlehrer and Otto, The Variational Formulation of the Fokker-Planck
Equation (1998):
Langevin diffusion « Fokker-Planck PDE « I-order ODE in the space (P2(R%), Ws)

Newton's Law

Newton's law on P, (R¢) with Otto calculus (formal) Riemannian structure, taking v,
velocity field from Benamou-Brenier formula:

Optimal transport: MFSP:
%vt =0 %Ut = éVszF(#t)
po=p",  py = p™ po=p", gy =p"

with Zr is the nonlinear Fisher information functional.



Proof sketch: Large deviations principle

- One starts from the fact that for the classic Schrodinger problem
{% Zf;l ogi | N € N} satisfy a large deviations principle with rate function
KL(- | R*").

- Then, one defines a function © : (P1(Q), W1) — (P1(2), W7) such that ©(Q) = YEQ
where Y@ is a stochastic process which encodes an interaction term to Q.

- Using Lipschitzianity of ©, one proves a contraction principle such that @ satisfying
LDP implies ©(Q) satisfying LDP.

- By choosing @ = & 3>~ | 65, one finds the LDP for MFSP with desired rate function.

O
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