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(Philosophical) question

How does the subjective opinion of the statistician (the choice of the prior 7) influence
the final inference?



Let (X,,).>1 be a sequence of exchangeable observations. We model them as

X1,..., X0 & Py

0~m

(Philosophical) question
How does the subjective opinion of the statistician (the choice of the prior 7) influence
the final inference?

Starting from different priors ©*, 72, does seeing the same data induce merging of
opinions?
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Merging of opinions

Convergence of opinions after seeing the same data?
(Mathematical) question

Given 0 ~ 7t and 62 ~ 72, do we have that, as n — oo,
distance(L(0' | X1,...,X,), L(6% | X1,...,X,))
— 07

at which rate?

monotonically?
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Analogy with posterior consistency

— Similar in spirit to posterior consistency and posterior contraction rates

— No convergence to a real distribution Py,, but convergence of two distributions to
each other.

— No well-specified true parameter 6, is assumed; the data sequence can be arbitrary!

— In general, posterior consistency entails merging of opinions but no information on
rates.



1. Which model?
2. Which distance?
3. How to use it?

4. Application to Dirichlet process



Which model?




Setting

We consider the Bayesian nonparametric setting

~iid. ~
X1,..., Xnlp = D

where p is a random probability measure on X.
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Setting

In particular, we consider a completely random measure /i.

=

X1,y Xnlfi % =
: A )

fi ~ CRM(v)

Random measures
i1 s a random measure on X if it is a measurable function

f:(Q,F,P) = (Mp(X), B(Mgp(X)))



Setting

We consider the nonparametric setting

Completely random measures
i1 is a completely random measure if

- i is a random measure on X;

- for any disjoint Ay, ..., Ay € X, the random variables fi(A;), ..., i(Ay) are
independent.



Why CRMs?

~iid. M ~
D. T, ¢4 7’ S , i~ CRM(v
| i(X) )

Completely Random Measure
With little abuse and under well-posedness assumptions, a random measure i is a CRM
if it can be represented as

N
i(4) £ / sdN (s,5) £ 3 86,
(0,400)x A j=0

with

- N(s,z) is a Poisson r. m. with intensity v € M((0, +o00) x X);

© N ~ Poisson(v((e, +00) x A)), (S;,X;) ' ettty



A note on identifiability

ji ~ CRM(v)

— A CRM is characterized by its Lévy intensity v € M((0, +o0) x X);
— The canonical decomposition of v is

jumps  atoms

/_AV_/\\ .
dv(s,x) = dp.(s)dPy(z) Py € P(X), p transition kernel on X x B(R)



A note on identifiability

Xiyoo, Xoli ™ f~ CRM()
i(X)
— A CRM is characterized by its Lévy intensity v € M((0, +o0) x X);
— The canonical decomposition of v is

jumps  atoms
———
dv(s,x) = dp.(s)dPy(z) Py € P(X), p transition kernel on X x B(R)

Moreover, if well-defined,
~1 ~2

— ' =ap®forsomea >0

Rescaling

From now on we will consider CRMs through their rescaled representative jig = E[[ffx)].




fi=>_Si0x,, dv(s,x)=dp.(s)dPy(z)
J

Flexibility
DP as Gamma CRM:
— dsdPy(z) => ji(A) ~ Gamma(aPy(A),b) = -

dv(s,z) = at ﬁ ~ DP(a, Py)

S
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fi=>_Si0x,, dv(s,x)=dp.(s)dPy(z)
J

Flexibility
DP as Gamma CRM:

< dsdPy(z) = fi(A) ~ Gamma(aPy(A),b) = =l ~ DP(a, Py)

dv(s,z) = «

An almost-conjugacy result
L(a| X1 =x1,..., X, =x,) = L(&*) where g* is such that

[i*|7 ~ CRM(D)

14

— Heuristically, the posterior can be seen as a CRM with random Lévy intensity.



Which distance?




From X to M p(X)

We need a distance between £(i!) and £(i?), i.e. on P(Mp(X)).
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From X to M p(X)

We need a distance between £(i!) and £(i?), i.e. on P(Mp(X)).

Wasserstein Distance
The 1-Wasserstein distance is a tool used to lift distances from (X, dx) to (P(X), Wa,)

dual
Wa (P, P?):=  min _ E(xy)urdx(X,Y))] £2 sup {/ fdPQ—/fdP1:f1-Lip}
X X

m€ll(P,P?) FXSR

BL distance
BL distance lifts distance from (X, dx) to (M p(X), BL)

BL(u', u?) = sup {/ fdu? — / fdut: f1-Lip and 1—bounded} pt,p? € Mp(X)
X X

FXSR

M



From M (X) to P(Mp(X))

Lifting BL
We can lift BL on Mp(X) to (P(Mp (X)), Wg.) using the 1-Wasserstein distance

WeL(QY, Q%) := ﬂel%iqulm)E(ﬂl,ﬁz)NW[BL(ﬂl,,112)] Q',Q* € P(M5p(X))
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Properties

- On the set of laws of random measures with finite mean, Wy, is complete;



From M3 (X) to P(Mp(X))

Lifting BL
We can lift BL on Mp(X) to (P(Mp (X)), Wg.) using the 1-Wasserstein distance

WeL(QY, Q%) := E%é?QQ)E(gl,ﬁ2)~w[BL(ﬂlaﬂQ)] Q',Q* € P(M5p(X))
Properties

- On the set of laws of random measures with finite mean, Wy, is complete;
© WeL(L(fin), L(7)) = 0 <= fin > f1, E[fin (X)] = E[(X)]



From M3 (X) to P(Mp(X))

Lifting BL
We can lift BL on Mp(X) to (P(Mp (X)), Wg.) using the 1-Wasserstein distance

We (R, Q) := E%é?QQ)E(ﬁl,ﬁ2)~w[BL(ﬂlalf)] Q',Q* € P(M5p(X))
Properties
- On the set of laws of random measures with finite mean, Wy, is complete;
C WeL(L(fin), L(E) = 0 <= fin % fi, Eljin(X)] — E[a(X)]
* BL(E(a"),E(?)) < Wea(L(a"), L())



From M3 (X) to P(Mp(X))

Lifting BL
We can lift BL on Mp(X) to (P(Mp (X)), Wg.) using the 1-Wasserstein distance

We (R, Q) := E%é?QQ)E(ﬁl,ﬁ2)~w[BL(ﬂlalf)] Q',Q* € P(M5p(X))
Properties
- On the set of laws of random measures with finite mean, Wy, is complete;
C WeL(L(fin), L(E) = 0 <= fin % fi, Eljin(X)] — E[a(X)]
* BL(E(a"),E(?)) < Wea(L(a"), L())

Idea: use Wp, to study merging rate of opinions —, i.e., study

Wel(L(H | X1, ..., X0), L(3% X1, ..., X)) @S n — oo
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Distance between CRMs

Idea 1: bound W, from above using an analytically tractable object.

Idea 2: exploit the description of CRMs through their intensity v .

We consider i' ~ CRM(v!) and a? ~ CRM(v?) rescaled with dvi(s,z) = dp. (s)d P}(z).
— Problem: p} and p2 may have infinite mass.

Lifted extended Wasserstein

+oo
W(ph ) i= [ 19'(s,00) = g (s, boc)lds o1, g2 € M((0,+o6)
0

inf E W (pk, p3
weH}II%,Pg) (X,Y) (W(px, py)]

AD(v,v?) = inf  E(xyyer [(dx(X,Y) A2) + Wipk, oy )]
me(Pg,P§)



Upper bound

Adapted extended Wasserstein

1 2\ : 1 2
AD(V v ) - ‘n'EH%II%,POz) E(X,Y)Nfr [(dX(X7 Y) A 2) + W* (pX7 pY)]

Upper bound
For CRMs ji* with finite mean,

We(L(7'), L(5%)) < AD(v',v?)

Posteriors of CRMs can be seen as CRMs with random intensity ¢ for which

WeL(L(i"), L(E*)) < Wap (L), L(7?))



Application to Dirichlet process




Dirichlet process

Model: X;,..., X, |p iiﬁj‘ﬁ

p~ DP(Py,q)

Question

Given two Bayesians who model the data as DP but with different parameters, do their
posterior beliefs converge after they see the same data?



Dirichlet process

Model: X1, ..., X,|a "

i~ CRM(v) = GammaCRM(a, Pp)
—bs
by choosing v st. dv(s,z) = ol

dsdPy(x)

S

Note: (After rescaling) the posterior is a Gamma CRM with v* of the form

. e—(a+n)s
p'(s) = (ot m)

« 1
2= P O,
" a+n 0+0¢+nz”"

j=1




Dirichlet process

Model: X1, ..., X,|a "

i~ CRM(v) = GammaCRM(a, Pp)
—bs
by choosing v st. dv(s,z) = ol

dsdPy(x)

S

Note: (After rescaling) the posterior is a Gamma CRM with v* of the form

. e—(a+n)s
p(s) = (a+ m) ——
« 1 "
R = P O
" a+n 0+0¢+nz”"

j=1

— What is the impact of a and Py on merging of opinions?



Merging of opinions

Theorem
Let i*, i2 Gamma CRMs with parameters (a4, PY), i = 1,2 and ji'*, i** the corresponding
rescaled posterior after n observations. Then,

Wa (£Gi™), £(27) S +



Let i'*, i%* be the posterior and v'*, v?* the corresponding intensities.



Let i'*, i%* be the posterior and v'*, v?* the corresponding intensities.

Idea: we study a tight bound on AD(v**,»?*) and then use
WeL(L(i'), L(E**)) < AD(v, v*).



Let i'*, i%* be the posterior and v'*, v?* the corresponding intensities.

Idea: we study a tight bound on AD(v**,»?*) and then use
Wa(L(RY), L)) < AD(WY*, v2*).

Step 1
Decompose AD(v'*,v%*) as

jump term atom term

AD(v™, %) = T (0, a0, m) + A(al,P&,ag,Pg,n)

- J measures discrepancy between the jumps of the posterior;

- A s the (truncated) Wasserstein distance between the predictive distributions
L(Xpy1|X™).



AD(v™*, 1) =T + A

Step 2

n

o 1 1 Q9 9 1
A=Wy, Iz O = O,
dx.t <a1+n O+(X1+nz “ag+n O+O&2+nz 1)

p=ll

Then, using convexity of the Wasserstein distance,

S|

@] +n Qs +n a1 +n

aq (65 (651 1 £
A< de,t(POlaPOQ)"_( - )de,t <nzl§wzvp()2)5

19



AD(™, ) =T+ A

Step 3
ef(ozlJrn)s 67(a2+n)s
J =W, <(a1 + 71)de7 (o + n)8d5>
+oo
= / [(aq +n)T(0, (a1 +n)s) — (aa + n)T'(0, (ag +n)s)|ds
0
It holds,

+o0 _
J= (/ I0(0,¢) — et|dt) o (1)
0 n n

1 .
— j‘/—(ﬁ (|f0417é042)

20



Therefore...
It follows
1 2% 1
AD(v*, v ):J+Axﬁ

and therefore

WeL(L(7"), L(E*)) < AD(w'",v*) = Wal(L(A'), L(E*)) <

21



Therefore...

It follows .
AD(V™* ) =T + Ax ~
n

and therefore

WeL(L(7"), L(E*)) < AD(w'",v*) = Wal(L(A'), L(E*)) <

S|

Non-asymptotic results
- If a3 = a, AD decrease is monotone;

- If P§ = P2, then AD can increase before merging of opinions.

21



Conclusion

Summary

Xiyoo Xl ™ i~ CRM()

22



Conclusion

Summary

Xiyoo Xl ™ i~ CRM()

— Distance between laws of CRMs:

Wel(@4,@%) := min_ Eu g2 [BL(E', 2%)] Q4,Q°
5L(Q°,Q%) rein Bz =BL(E, A7) @,Q° € P(MpB(X))
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Conclusion

Summary

Xiyoo Xl ™ i~ CRM()

— Distance between laws of CRMs:

We (@', Q) := ﬂegg{{wE(ﬁl,m)w[BL(ﬂl,ﬂz)} Q",Q* € P(Mp(X))

— Use Wp to measure the merging of opinions between posteriors as n — +oo.
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Conclusion

Summary

Xiyoo Xl ™ i~ CRM()

— Distance between laws of CRMs:

WeL(Q', Q%) == EggﬁlwE(ﬁl,ﬁz)w[BL(ﬁlvﬂz)} Q', Q% € P(Mp(X))

— Use Wp to measure the merging of opinions between posteriors as n — +oo.
— Bound by tractable discrepancy between intensities: Weg (L£(ii'), £(ji%)) < AD(v!, ?)
— For the Dirichlet process prior: Wg (L(i'*), L(3?*)) < 1/n

Thank you for your attention!
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Generalized Gamma Processes

Definition
Given a > 0,0 € (0,1) and P, € P(X), a generalized gamma CRM is the CRM with Lévy
intensity
@ e ?
dV(S,I) = mmdePg(l‘)
Theorem

Given ji' generalized gamma CRM with parameters (at, o, P¢) and
f? ~ GammaCRM(a?, P2) then, for k = k(n) < n,

Wo(L(E™), L") S max (04, & /n)

where k = k(n) is the number of distinct observations.



Generalized Gamma Processes

Definition
Given a > 0,0 € (0,1) and P, € P(X), a generalized gamma CRM is the CRM with Lévy
intensity
@ e’
dv(s,z) = deSdP"(w)
Proposition

Given ji' generalized gamma CRM with parameters (at, o, P¢) and
i@% ~ GammaCRM(a?, P2). Let also z; %8 p, with P continuous distribution. Then, as
n — +oo, for a.e. realization of (z,,)n>1,

Wap (L), L)) — o (/:OO ‘Fg’t)) —T'(0,¢)| dt + WdXAQ(PO,P))



Almost-conjugacy of CRMs

Theorem [James et al. (2009)]
Let 2 @ CRM with Lévy intensity dv(s,z) = dp,(s)dPy(z). Consider U = U, latent
variable with p.d.f. fy(u) oc u?~te=%(® Hle Tngler (1) Where

P(u) = / (1 —e*)dv(s,z), Tmz(u)= / e s dp.(s)
(0,400) xX (0,400)
Then,
k
AU o+ I 6
=l
with fipy is @ CRM with duv(s,z) = e~Y*dv(s, ), J’ random jump with p.d.f. depending on

U and
L(p| X1,...,X,) = L(gF).
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